Using the continuum model, we investigate theoretically contribution of the low-energy electronic excitations to the Raman spectrum of superconducting monolayer graphene. We consider superconducting phases characterised by an isotropic order parameter in a single valley and find a Raman peak at a shift set by the size of the superconducting gap. The height of this peak is proportional to the square root of the gap and the third power of the Fermi level, and we estimate its quantum efficiency as I ∼ 10 −14 .
I. INTRODUCTION
Graphene, a single-layer of carbon atoms arranged in regular hexagons, has been the topic of intense studies since its mechanical isolation in 2004 [1] . Its unique properties include a linear electronic dispersion relation, which in turn gives rise to exotic effects like Klein tunnelling [2] , and a strong electron-photon coupling, which makes observation of free-standing graphene with the naked eye possible [3] . Recently, a significant effort has been directed towards adding one more entry to the list of graphene properties, namely, superconductivity [4] [5] [6] [7] [8] [9] [10] . This aim, motivated by the idea of combining the physics of Dirac fermions and Cooper pairs, was achieved by the proximity effect [4] [5] [6] [7] [8] or doping with metallic adatoms [9, 10] . However, due to the smallness of the gap in the electronic dispersion and the difficulty in preparing good quality samples, direct and unambiguous experimental observation of superconductivity has been a real challenge. Tunnelling spectroscopy measurements [8] , angle-resolved photoemission spectroscopy [9] and SQUID magnetometry [10] have been used to confirm the presence of superconductivity in doped-graphene and related systems. Unfortunately, all these methods require sophisticated fabrication processes or equipment, and are usually quite expensive.
On the other hand, Raman scattering is known to be a powerful technique which allows to extract a wealth of information about graphene and other graphene-related materials, such as, number of layers, defect density, doping level or presence of strain in the sample [11] . In all * agr31@bath.ac.uk those cases, the Raman shift equal to the difference between the energies of the incident and detected photons arises because part of the energy is spent on exciting the crystal lattice of graphene. However, purely electronic processes can also give rise to Raman features [12] . In particular, it has been predicted [13] [14] [15] and later confirmed experimentally [16] [17] [18] [19] [20] that in monolayer graphene a Raman process resulting in creation of an electron-hole pair leads to a characteristic linear feature in the Raman spectrum, a consequence of the linear electronic density of states.
Here, we discuss theoretically the feasibility of using electronic Raman scattering (ERS) to detect superconductivity in graphene. We start by presenting in Section II the theory of the electronic contribution to the Raman scattering for monolayer graphene [15] . Then, in Section III, we introduce a pairing interaction of electrons in graphene, and focus on phases characterised by an isotropic order parameter in a single valley. For these phases, we predict a peak in the Raman spectrum at the Raman shift corresponding to the size of the superconducting gap, and with quantum efficiency proportional to the size of the gap and to the third power of the Fermi level.
II. ERS IN GRAPHENE
In this section, we discuss processes in which inelastic scattering of a photon off monolayer graphene is accompanied by formation of an electron-hole pair within the same electronic band. Following previous work on electronic Raman scattering in graphene materials [13] [14] [15] 21] , we evaluate the scattering amplitude corresponding to such processes as well as the resulting angle-resolved probability, spectral density and quantum efficiency. These results form the basis for the analysis of the electronic Raman spectroscopy features arising due to the presence of Cooper pairs.
The electronic properties of graphene are well described by a tight-binding model [22] . Here, we take into account the nearest and next-nearest neighbour couplings γ 0 ≈ 2.7 eV and γ n ≈ 0.3 eV [23] , respectively, between the carbon atoms on the two triangular sublattices A and B (see Fig. 1a ). For pristine graphene, this model yields two bands that touch each other at the same energy in the two inequivalent corners of the hexagonal Brillouin zone (see Fig. 1b ), located at K ξ = (ξ 4π 3a , 0), often referred to as valleys. Here, a ≈ 2.46Å is the lattice constant of graphene [24] , and ξ = ±1 labels the two valleys. For a single electron with momentum p in the vicinity of the valley K ξ , an effective low-energy description can be derived,
Above, we introduce the Pauli matrices σ x , σ y and σ z , and the 2 × 2 unit matrix, σ 0 , and write the Hamiltonian in the basis (φ A , φ B ) of sublattice Bloch states exactly at the centre of the valley. Also, v = √ 3a 2 γ 0 ≈ 10 6 m/s is the Fermi velocity and µ is the chemical potential.
The term H 0,K ξ p in Eq. (1) leads to a linear electronic dispersion α,p = αvp − µ, with α denoting the conduction (α = 1) or valence (α = −1) band. Using the eigenstateŝ
and taking into account all electrons, this dominant term in the single-particle Hamiltonian can be written in the diagonal formĤ , arises from quadratic terms in p generated by the nearest neighbour hopping and lowers the rotational symmetry of the Dirac cones to C 3v [25] . The next-nearest neighbour term, H N p , introduces asymmetry between the conduction and valence bands [23] .
In order to account for the interaction between photons and electrons in an electronic Raman process, we work with the canonical momentumP = p− e c Â +Ã , where e is the electron charge andÂ andÃ are the fields due to the incoming and outgoing light, respectively,
Here, the operatorb q,qz,l (b † q,qz,l ) annihilates (creates) a photon with in-plane momentum q (q), out-of-plane momentum q z (q z ), polarization l = (l x , l y ) [l = (l x ,l y )] and energy Ω (Ω) of the incident (scattered) photon. Keeping contributions up to the second order in the vector potential yields the interaction part
The two terms in the expression above correspond to two different contributions to the scattering amplitude of the electronic Raman process. The second term gives rise to a one-step process, the usual contact interaction [12, 26] , illustrated by the Feynman diagram in Fig. 1c , in which an incoming photon scatters inelastically on an electron passing to it instantly energy equal to the Raman shift ω = Ω −Ω. Because of the second derivative in momentum, only the trigonal warping and electronhole asymmetry terms generate one-step processes. For a Raman process that scatters an electron from an initial
β,p σ , the corresponding scattering amplitudes,R TW βα andR N βα , are obtained by taking into account scattering at any time t 1 ∈ (−T, T ), where 2T is the exposure time,
In turn, the two-step processes generated by the first term in H 1), is involved. The scattering amplitude for a two-step process between bands α and β is:
where the term in the first (second) two lines, corresponds to processes in which the photon is absorbed (emitted) at a time t 1 and emitted (absorbed) at a time t 2 , and is expressed by the first (second) diagram in Fig. 1d . In Eq. (6), integration over t 1 in both terms generates the factors (±Ω − ν ) −1 , whereΩ = (Ω +Ω)/2. Assuming that the energy of electronic Raman excitations, ω, is significantly smaller than the energy of the incoming and outgoing photons, we can expand these factors in powers of ν /Ω. In these expansions, we only retain the leading 0-th order term which, in contrast to many materials [26] , does not vanish for graphene [14, 21] .
Both one-and two-step processes result in the creation of an electron-hole pair in the electronic bands of monolayer graphene, an excited state, |exc , over the ground state of the system, |GS . In the absence of superconductivity, such ground state is the Fermi sea of electronic states filled up to the chemical potential, |GS = α,p <µĉ K ξ † β,pσ |vac , where |vac represents the electronic vacuum. Then, the excited state takes the form |exc =ĉ
For pristine graphene, the chemical potential lies at the Dirac points, and the initial and final states must belong to the valence (α = −1) and conduction (β = +1) band, respectively. More generally, for doped graphene, the initial and final state could also belong to the same band. Here, we consider strongly n-doped graphene and use Fermi's golden rule to relate the total scattering amplitude,R
to the angle-resolved probability w(ω,q) of an ERS process, w(ω,q) = lim T →∞ α,|exc dp 2π 3 | exc|
In the single-particle picture described by Eq. (1), spins and valleys are uncoupled and remain good quantum numbers that uniquely identify the excited state. There-fore, the sum over these quantum numbers in the equation above results simply in a factor of four in the overall probability. The integration over time in Eqs. (5) and (6), together with the limit T → ∞ in Eq. (7), leads in the usual way [27] to the conservation of energy, ω = +,p − α,p . In turn, evaluation of the scattering matrix element imposes conservation of momentum p = p +q − q, which forces momentum of the final electronic state p to be on a circle of radius |q − q| in the momentum space around p. However, for Fermi level µ ∼ 0.1 eV, we can neglect the momentum transfer from the photon to the electron and consider all electron excitations to be vertical, p = p. As a result, the excited state |exc =ĉ
is the Heaviside function, cannot give rise to a Raman shift, and only the inter-band excitations, here |exc =ĉ
−,pσ |GS , contribute to the electronic Raman spectrum [13] ,
Above, the first term with polarization factor Ξ s describes the contribution from in/out photons that carry the same circular polarization. The second term, accompanied by the polarization factor Ξ o , represents processes with the opposite circular polarization of the incoming and scattered light. In terms of linear polarization, Ξ s corresponds to crossed polarization of in/out photons, while Ξ o is 1 independently of the linear polarization of the incident and scattered light. The values of the polarization factors, depending on the relative polarization of the in/out photons, are listed in Table I . The Heaviside function captures the Pauli blocking of excitations with Raman shift ω < 2µ in graphene doped to Fermi level µ = 0. For inter-band transitions, the dominant Raman signal is due to excitations that conserve angular momentum. Also, notice that the electron-hole asymmetry scattering amplitude,R N +− , does not contribute to the Raman response because its corresponding electronic Hamiltonian, H N p , is proportional to the unit matrix, and hence only couples states in the same band.
After integrating over all directions of propagation of the scattered photons, we obtain the spectral density of the angle-integrated Raman signal [13] ,
In turn, the spectral density allows us to estimate the quantum efficiency, defined as the flux of outgoing photons to the incoming photons, by integrating over all possible energy shifts, I = dωg(ω).
The linear dependence of g(ω) on ω, a consequence of the linear electronic density of states in monolayer graphene, was confirmed experimentally together with the change in intensity depending on crossed or parallel linear polarization of incident/detected photons [16] .
III. ERS IN SUPERCONDUCTING GRAPHENE
We introduce superconductivity in graphene by considering a pairing interaction between two electrons with opposite spins and momenta that gives rise to an isotropic gap in the dispersion relation,Ĥ pair = −gΨ †Ψ , wherê Ψ = kĉ −k↓ĉk↑ is the field generated by the coupled electrons and g is the strength of the coupling [28] . However, in our low energy description, an electronic state with momentum k, measured from the centre of the Brillouin zone, is mapped on a state in the valley K ξ and momentum p measured from the centre of that valley. The presence of one more good quantum number, the valley-index ξ, allows two possible configurations for a BCS-like field in graphene, so that we substitute forΨ a new field,Ψ s , such that
In the equation above, the index s = ±1 distinguishes between two possible wave functions: theΨ + singlet state is antisymmetric and theΨ − triplet state symmetric under the inversion of all the spins. The spatial parts of the singlet and triplet wave functions belong to the A 1 and B 1 irreducible representations of the symmetry group C 6v , consisting of the point group of the graphene crystal C 6v and primitive translations [25] . We employ the mean-field approximation [29] ,
and introduce the order parameter ∆ = g Ψ s . In order to determine the quasiparticle dispersion, we add the pairing interaction to the dominant linear term in the single-particle Hamiltonian and neglect all other contributions. Making use of the diagonal form of the linear term, Eq. (3), we write the Hamiltonian of the electrons in superconducting graphene, in the basisÂ †
This Hamiltonian is diagonalised by a Bogoliubov transformation U
where
The eigenvectors, in turn, allow us to define the Bogoliubov quasiparticles
Their dispersion, ε α,p = 2 α,p + ∆ 2 , is four-fold degenerate and features a superconducting gap at the position of the chemical potential. The ground state of the system consists of a quasiparticle vacuum which satisfies by definition,γ K ξ α,pσ |GS = 0. Notice that, for ∆ → 0, the Bogoliubov coefficient v α,p (u α,p ) takes the value one (zero), below the Fermi surface, and zero (one) above, turning the superconducting ground state into the Fermi sea of non-interacting electrons.
In order to use Eq. (7) for the calculation of the angleresolved scattering probability w(ω) for superconducting monolayer graphene, we need to express the pairs of electron operatorsĉ
α,pσ , and hence the scattering amplitudes in Eqs. (5) and (6), in terms of pairs of operators involvingγ
Because the ground state is a quasiparticle vacuum, terms that first annihilate a quasiparticle give zero when acting on a ground state, and the remaining terms yield
+ u +,p v α,pγ
For α = −1, the first term in the right-hand side of the equation above vanishes and the second one generates an inter-band feature similar to that described in the previous section. In turn, for α = +1, the first term creates and annihilates the same quasiparticle, leading to no Raman shift. The second term, which appears purely because of the superconducting pairing, generates two quasiparticles yielding one of two possible excited states, |exc =γ
+,−p↓ |GS , with excitation energy 2ε +,p , thus leading to an intra-band ERS feature. Using Eq. (7), we obtain the angle-resolved and angle-integrated Raman probabilities,
In equations above, the new polarization factor Ξ s describes a contribution of processes with the same circular polarization or parallel linear polarization of the in/out photons, in contrast to the factor Ξ s in Eq. (7) which selects crossed in/out linear polarization (see Table I ). Notice that the next-nearest neighbour hopping contributes to the new Raman feature. The trigonal warping, however, does not because the scattering amplitudes for two processes with reversed valley indices are opposite and cancel out. We show the superconductivity-induced intra-band feature in Fig. 2 , for a Fermi level shifted µ = 150 meV above the Dirac point, energy of the incoming photons Ω = 1 eV and values of the order parameter ∆ = 1 meV and ∆ = 4 meV (solid and dashed lines, respectively). In the panel (a), we show the comparison between detecting scattered photons with circular polarization the same or oppossite to the incoming photons. In the panel (b), we present a similar comparison for the case of linear polarization. In contrast to the interband ERS feature, for the superconductivity-induced signal the only difference between processes that conserve or change angular momentum of the quasiparticle sea is due to the next-nearest neighbour coupling. For strongly doped graphene, γn γ 2 0 µ Ω 2 , we expect the intra-band Raman response to be insensitive to the circular polarization of in/out photons. In comparison, for the case of linear polarization, the signal due to scattered light with polarization parallel to that of the incident light is twice as strong as for crossed polarization of in/out photons.
In general, the asymmetric shape of the new peak is governed by the density of states close to the gap. Hence, the intensity of the peak formally diverges at the Raman shift ω = 2∆. However, we discuss its height by looking at the intensity at the Raman shift ω = 2∆ + δ, where δ determines the distance from the divergence. The functional dependence
shows that the intensity of the superconductivity-induced peak scales with the square root of ∆. For γn γ 2 0 µ Ω 2 , the overall signal is proportional to the third power of the chemical potential µ and inversely proportional to the sixth power of the incoming photon energy Ω. We estimate the quantum efficiency of the ERS peak I = ∞ 2∆ dωg(ω) ∼ 
IV. SUMMARY
We have investigated the electronic Raman spectrum of highly doped and superconducting graphene with an isotropic superconducting order parameter within a single valley. We predict a Raman peak at a shift of twice the superconducting order parameter, ω = 2∆. Modern Raman spectroscopy measures shifts ω ∼ 1 meV with resolution ∼ 0.1 meV [30] , suggesting that features presented in this paper, corresponding to experimentally observed gaps [9] , might be observable. The quantum efficiency of the predicted peak, I ∼ 10 −14 , is three orders of magnitude smaller than the well-known graphene phonon-induced G-peak [31] , and two orders of magnitude smaller than the experimentally observed electronic Raman features due to inter-Landau-level transitions [13, [18] [19] [20] . However, because of the Pauli blocking of excitations for ω < 2µ, the superconductivity-induced peak is the only low-energy electronic feature in the Raman spectrum.
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